Low Computation Cycle and High Speed Recursive
DFT/IDFT: VLSI Algorithm and Architecture

Lan-Da Van, Yuan-Chu Yu*, Chun-Ming Huang, and Chin-Teng Lin*

National Chip Implementation Center (CIC),
1F, No. 1, Prosperity Road 1, Science Park,
Hsinchu 300, Taiwan, R.O.C.
e-mail: Idvan@cic.org.tw
*Dept. of Electrical and Control Engineering, National Chiao-Tung University,
Hsinchu, 300, Taiwan, R.O.C.
e-mail: ctlin@mail.nctu.edu.tw

Abstract— 1In this paper, we propose two low-
computation cycle and high-speed recursive discrete
Fourier transform (DFT)/inverse DFT (IDFT)
architectures adopting the hybrid of Chebyshev
polynomial and register-splitting scheme. The proposed
core-type recursive architecture achieves half
computation-cycle reduction as well as less critical
period compared with the conventional second-order
DFT/IDFT architecture. So as to further reduce the
number of computation cycles, based on the new core-
type design, we develop the folded-type recursive
DFT/IDFT architecture with the same operating
frequency. Moreover, from the derivation results, the
operation of DFT and IDFT can be performed with the
same structure under different configurations.

I. INTRODUCTION
The discrete Fourier transform (DFT) has been widely
applied in the analysis and implementation of

communication systems such as OFDM-based wireless local
area network (WLAN) [1, 2] and dual tone multi-frequency
(DTMF) standards [3]. In many applications, the complex
sequences in the time domain are expected to be analyzed in
the frequency domain via DFT computation. Without loss of
generality, the input data is assumed as complex-valued
data. From existing research, there are possible four
categories for the structures of DFT/IDFT computations: 1)
recursive-algorithm based architecture [3-8], 2) butterfly-
based architecture [9-10], 3) ROM operation based structure
[11], and 4) multiplier-accumulator based structure. It is
well known that the DFT architectures based on the
recursive algorithm are more area-efficient than those
realized by other approaches. Until now, the existing
recursive algorithms for the orthogonal transform in the
scope of DFT/DCT/DST (discrete Fourier/cosine/sine
transform) involve the following: Goertzel algorithm [3-7],
C-S’s algorithm [13], Chebyshev polynomials [8, 14-15],
and Clenshaw’s recurrence formula (CRF) [16]. In [12-16],
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recursive expressions for the computation of the DCT that
are suitable for VLSI implementation are presented. Note
that in [12-16], recursive algorithms are used to design
recursive DCT architectures rather than recursive DFT
architecture. In [7], compared with the conventional second-
order recursive DFT/IDFT architecture, Van et al. utilized
computation-sharing and register-splitting schemes to
reduce two multipliers and speedup the operation,
respectively. Nevertheless, Van ef al. did not improve the
computation cycle. In [8], Fan ef al. applied the previous
proposed method to reduce computation cycles but the
effect is limited. On the other hand, they only proposed
recursive DFT algorithm but IDFT algorithm is not yet
ready in [8]. Therefore, we are motivated to propose
performance-oriented VLSI algorithm and architecture that
possesses the following features: low computation cycle and
high speed at the expense of slightly increased area
overhead compared with the second-order recursive
DFT/IDFT structure. Regarding the new lower computation
cycle recursive DFT/IDFT architecture as a core, we can
develop a folded architecture to achieve less computation
cycles for OFDM-based WLAN applications. The paper is
organized as follows. A new core-type recursive DFT
algorithm and architecture by the hybrid of Chebyshev
polynomial and register-splitting schemes is given in
Section II. In Section III, we propose the corresponding
novel recursive IDFT algorithm and architecture. In Section
IV, a folded architecture that features lower computation
cycle is constructed for DFT/IDFT. Complexity comparison
results are tabulated in terms of the amount of computation
cycles for each output as well as N-point DFT/IDFT, the
critical period, and the number of real multipliers in Section
V. At last, the concise statements remark this paper.

II. NEW RECURSIVE FORMULA FOR DFT
The DFT of the N-point input x[#n] is defined as
N-1
WK1 =Y x[n]- W, (1)
n=0
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where Wy = e /?%/N _To develop recursive DFT algorithm,
Eq. (1) can be recast as

N/2-1 N/2-1
y[k]= zx[n]-W]/\jﬂ + ZX[N—I—n]-W]\]j(N’l’”)
n=0 n=0
N/2-1
= z (x[n]+W]Qk -x[N—l_n]). Cos(zﬂk”)
n=0 N
N/2-1
+J ;(—x[n]JrW&k ‘x[N—l—n]).sin(zzm), )

By folding two input data, only half summation terms are
demanded to express y[k]. Eq. (2) can be treated as DCT and
DST parts, yperp(k) and yper(k), respectively, as

N/2-1

_ 2 7tk
Voer k] = nz_;,(x[nhWN" x[N —1-n])- cos( SONE)
and
N/2-1 - . 2ﬂ'k
Vosrlk]=— ;(x[n]—WN" -x[N —1-n])-sin( ) @)

In Eq. (3), we can define r,[n] = x[n]+Wy" - x[N —1-n].
Replacing n by N/2-1-n, Eq. (3) can be rewritten as

N/2-1
27tk
Yperlk]l= 2 7, [n]-cos( N")
n=0
N/2-1
=2 rk[N/z-l-n]-cos(W)
N/2-1
=(-1* 2 rk[N/Z—l—n]-cos(m)
n=0 N
N/2-1
where gy, (k)= 2 Vk[N/z_l—n]-cos(@) '
n=0
Let 6, = %, and gy ,,_; (k) can be generalized as
&1(k)= X1 =n)-cos((n-+1),). ©

n=0
It is known that Chebyshev polynomials are well defined as
cos(r6) =2cos((r- 1)6)-cos6 - cos((r- 2)6), (7
sin(r6) =2sin((r- 1)6)-cos6 - sin((r- 2)6). (8)
Using the recursive identity stated in (7), Eq. (6) can be
deduced as

1

g (k)= r.li—nl.cos((n+1)6;)

n=0

= irk [i —n]-{2cos(n o, )-cos o, — cos((n - I)Hk )}
n=0
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Zrk [i —n]-cos((n—1)6, )

n=0

= 2Zrk [i —n]-cos(n6, ) cosf, —
n=0
i1
=21 [i]-cos6 +2 ) r[i=1-n]-cos((n+1)6; )-cost,
n=0

i-2

—rlil-cos 6, —r[i=11= Y r[i=2-n]-cos((n+1)6, )
n=0

=rli]-cosby - n[i- 1]- 2cos6; - g; (k) - g5 (k). (9)

The z-transform of Eq. (9) can be denoted as

1

g(k,z) _ cosd, —z1 _ (10)
n(z2)  1-2cosbpz +z~
For DST part in Eq. (4), by letting
s[n]= x[n]—W,\_,k -x[N—-1-n] and replacing n by
N/2-1- n, ypsrlk] can be derived in similar behavior as
N/2-1
27kn
kl=- -sini
Ypsrlk] Z; 8y [n]-sin( N )
N/2-1
= z Sk[N/z_l_n].sin(w)
n=0 N
N/2-1
=" Y 5, [N/2—1-n]-sin X +D,
n=0
N/2-1
=(-D*. Zsk[N/2—l—n]-sin((n +1)6,)
n=0
= (_ l)k hyiag (k), (11)

N/2-1
I jpa (€)= sy [N /2=1=n]-sin((n +1)6, ).

n

where

Applying Eq. (8), %y, (k) can be generalized as

h;(k)= zj:sk[j—n]'sin((n+1)6k)

n=0

J

= sy [j—n]-Lsin(16, )- cos 6, —sin((n - 1)6, )}
n=0

J J
= ZZsk [j—n]-sin(n6, ) cosb, —Zsk (j—n)-sin((n-1)8,)

n=0 n=0

j-1
=2 s;[j—1-n]-sin((n+1)8;)-cosf; +s,[j]-sinb,

n=0

=
_ zsk[j —2—n]-sin((n+1)8,)
n=0

=s;[/]-sin6y - 2cosby -h; (k)- h, (k).
The z-transform of Eq. (12) can be denoted as

(12)



hk,z) _ sin @,

s¢(2)

(13)

1-2cos6z " +272

Egs. (10) and (13) can be easily mapped into the structures as
shown in Fig. 1(a) and (b), respectively. Compared with the
conventional architectures [4, 7], it is obviously found that
the computation cycles can be achieved to the reduction of
50% via the proposed algorithm and architecture.

seln]

(b)

Fig. 1. Block diagram of low-computation cycle for (a) DCT
part and (b) DST part of DFT computation.

For high-speed issue, we adopt the register-splitting scheme
(i.e., one kind of retiming schemes) to reduce the critical
path. Herein, we define two useful notations 0 and 1, where 0
and 1 indicate that the delay elements as shown in Fig. 1(a)
are at top-to-down and bottom-to-up signal paths,
respectively. Thus, we can easily use the digital number
sequence to represent different register-splitting structures.
For example, the proposed DCT part of the core type design
in Fig. 1(a) can be represented as 00. In this case, there are
four combinations as listed in Table 1, where 7,, and T,

denote the operation time required for one real multiplication
and one real addition, respectively. With minimum critical
period and fewest registers in mind, we select the 10 register-
splitting structure for DCT part. It is worthy of emphasizing
that 10 and 11 as listed in Table 1 result in the same DCT

part as depicted in the upper diagram of Fig. 2, where
denotes a hardwired shifter with one-bit left shift. Similarly,
DST part can be modified as the lower diagram of Fig. 2. In
order to remain the minimum critical period for the recursive

. L. . Z .
DFT computation, the forward pipeline register, &, is
exploited for the final sum output. Later combining these
two new parts into one, a recursive DFT architecture that
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possesses low computation cycle and higher speed than the
conventional DFT structures can be obtained.

Table 1: Combinations of Register-Splitting for DCT Part
Com. 00 01 10 11
Period 2T, - 3Ty 2T, -3T) T,- 2T,| T, - 27,
#ofReg. |2 2 2 2
Opt. No No Yes Yes
1ln]

Fig. 2. Block diagram of the proposed low-computation
cycle and high-speed recursive DFT architecture.

III. NEW RECURSIVE FORMULA FOR IDFT
The IDFT of the N-point input y[k] is defined as

] = K (14)

To develop recursive IDFT algorithm, Eq. (14) can be recast
as

N/2-1 N/2-1

xn]=— Zy[k] v +— Zy[N —1=k]
N/2-1
_L 2 (k1+ W2 N —1-K])- cos( i,
N/2-
+jL Z(y (K= W0 [N —1—k]) sin2 ). (15)

Similarly, Eq. (15) can be treated as IDCT and IDST parts,
Xper(n) and x;per (1), respectively, as
N/2-

Z(y[k 1+ W yIN —1-k]) cos(

Xmperln ) ,(16)
and
1 N/2-1
Sipsr = 3 (E1= (N =1 k1) sin22) 1)
k=0



In Eq. (16), we can define r,[k]= y[k]+ Wy - y[N —1-k].

Replacing k by N/2-1-k, Eq. (16) can be rewritten as
N/2-1

1 27kn
xchr[”]Zﬁ Z), 1, [k]- cos( N )
1 M &! 2m(N/2—1-k)
= 2 RN /2= 1= k- cos(=—————=)
n N/2-1
Y nIN/2-1-k]c os 2+ 1))
N o N
[V
=) 18
N 8- 1(n), (18)
N/2-1
where g, (1) = rn[N/2—1—k]'cos(M) .
k=0 N
Let 6, =Tn and g, (1) can be generalized as
&)=Y 1, (i=k)-cos((k+1)6,). (19)

k=0
Using the recursive identity stated in (7), Eq. (19) can be
deduced as

e)= 3 rli—k]-cos((k + 1),

= irn [i—k]-2 cos(k@,7 )-cos 0, - cos((k — l)@n )}
k=0

=1,[i]-cos6, - 1,[i- 1]- 2c086, g, 1(n)- g;(n).(20)
The z-transform of Eq. (20) can be denoted as
g(n,z) _ -
r(z)  1-2cosf,z ' +z72
For IDST part in Eq. (17), by

cos, —z

21)

letting

s k1= y[k]-Wy - y[N—-1—k] and replacing %k by
N/2-1-k, x;pgr[n] can be derived in similar behavior
as
N/2-1
27kn
=— k]-sin
X psrln] kg: s, [k]-sin( N )
1 & 2m(N/2-1-k)
=— N/2-1-k T
;), sl Jsin(=—————)
—(=1)" N/2-1
= ZSH[N/Z—I—k]-sin((k+1)¢9”)
N =
-1
= -h , 22
N N/2-1 (”) (22)
N/2-1

where hN/2 | Zs,,[N/2 1-k]-sin((k+1)6,).

=0

Applying Eq. (8), %y, (1) can be generalized as

hi(n)= ﬁsn [j—k]-sin((k+1)6,)

k=0
= isn [j—k]-{2sin(k6,)-cos8, —sin((k —1)8, )}
k=0
=s,[j]-sin6, - 2cos6, -hj_l(n)— hj_z(n). (23)
The z-transform of Eq. (23) can be denoted as
h(n,z) _ sing, ' (24)
s,(z)  1-2cos@,z" +z72

After using the register-splitting scheme, Egs. (21) and (24)
can be easily mapped into the modified structures as shown
in Fig. 3. Again, from the proposed algorithm and
architecture, it is obviously found that the computation
cycles can be achieved to the reduction of 50%.

Fig. 3. Block diagram of the proposed low-computation
cycle and high-speed recursive IDFT architecture.

IV. FOLDED ARCHITECTURE FOR DFT/IDFT

Recently, there are many modern applications, which
need larger frame size to achieve the higher frequency
resolution [1, 2]. However, the strict specification would
make the implementation more difficult to meet the
requirement. In order to further reduce the number of
computation cycles for N-point DFT/IDFT, regarding the
recursive processing kernel of the core-type design in Fig. 2
as a processing element (PE), we can regularly construct the
folded recursive DFT (RDFT) structure as shown in Fig. 4.
The whole architecture consists of a data buffer, a control
unit and the number of N/2 RDFT units. The control unit not
only plays the role of a sequence controller but also a
parameter controller, which feed the proper coefficients for
the RDFT units. The RDFT unit consists of one pre-
processing unit and one recursive PE, where the pre-
processing unit provides the intermediary data s, and r; to
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the following recursive PE. The final output comes out from
the N/2 recursive PEs in parallel. Based on the proper
scheduling, the data streams can be processed continually
every clock cycle without extra computation latency.
Consequently, we can keep the maximum throughput rate
for N-point DFT/IDFT in N computation cycles.

RDFT Unit

Pre-processing recursive PE
RN 0
x[n] > | PEpst
wy't bl L
I -
A[N-Ln} — .
.| RDFT Unit
- (1)
Data Buffer
p—- i
=| RDFT Unit
x[n] > (2)
x[n]
—| .
X[N-1-n RDFT Unit )
N2 IV-Ln] >~ @ BN S
N2 :
[ ]
Control Unit [ ]
Clock—m| Clock
Start—w| | L0 || scquence | o g @@ | Pometer | L...g | ] RDFT Unit
Reset—»| | control ller | | controller controller (N2) 1

Fig. 4. Block diagram of the proposed folded-type recursive
DFT architecture.

V. COMPARISONS AND DISCUSSIONS

In this section, we give a comprehensive comparison
result as listed in Table 2 in terms of the number of
computation cycles for each DFT/IDFT output as well as N-
point DFT/IDFT calculation, the critical period, and the
number of real multipliers. Note that the operation time of
the complex multiplication requires 7,, + 7, . Our proposed

work 1 (i.e,, core-type design) based on Chebyshev
polynomial can save half computation cycles for each
DFT/IDFT output compared with the existing works [4, 7] at
the expense of slightly increased area cost. Comparing with
the results of the recursive algorithm in [8] which, for
example, requires 2794 computational cycles to obtain all
64-point DFT outputs, the proposed core-type architecture
requires 2048 computational cycles. In other words, our
proposed work 1 has the lowest computation cycles among
existing structures [4, 7, 8]. Due to applying register-splitting
scheme, the proposed one has the higher speed than the
recursive structures of [4, 8] and possesses the same
operation frequency as that of our previous work [7].
However, considering the hardware complexity, the
proposed core type DFT/IDFT architecture requires two
more multipliers than the previously proposed one [7].
Consequently, the proposed methods have many advantages
over the conventional proposed algorithms. Furthermore,
based on the proposed work 1, we can construct a folded
recursive DFT/IDFT architecture. The folded architecture
can significantly reduce the number of computation cycles

for N-point DFT/IDFT from N 2/2 to N. Thus, more real-

time operation can be achieved. Therefore, in Table 2, it
reveals that our proposed architectures have characteristics
of the lowest computation cycle and high speed.

Concerning the chip implementation, it is worth noticing
that the recursive PE mainly dominates the performance of
the whole architecture. Hence, we are encouraged to design
one efficient recursive PE that takes into account of speed,
area, and easy mutual interconnection. For the purpose of
further reducing the critical path, the complex multiplier
operations exploit the shift-and-add arithmetic. The active
chip layout area of the proposed recursive PE as shown in
Fig. 5 is 515 um x 515 um in TSMC 0.13 um CMOS
process. The critical delay time obtained from the static
timing analysis (STA) of Synopsys is 11.32 ns under the
worst-case condition. It is expected that the folded type
architecture only needs 0.72 ps to complete 64-point
DFT/IDFT operation, i.e., 64 cycles. That means that we can
meet the timing specification of the IEEE 802.11a standard
[2]. Table 3 summarizes the chip characteristics of proposed
recursive PE for DFT/IDFT structure.

E =]
Fig. 5. Recursive PE layout for DFT/IDFT architecture.

Table 3: Chip Characteristics of the Proposed Recursive PE

DFT Length (&) 64 points
Input Word Length (w) 16 bits
Critical Delay Time 11.32 ns

Active Chip Area 515umx 515 um

Process Technology TSMC 0.13 um CMOS

VI. CONCLUSIONS

Two new recursive DFT/IDFT architectures based on the
hybrid of Chebyshev polynomial and register-splitting
scheme are devised in this paper. The analyzed results




expose that the proposed VLSI algorithm leads to the fewest
computation cycle and higher speed than others. In addition,
the proposed folding recursive architecture with regular
organization is certainly amenable to VLSI implementation.
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